Regression with one r.h.s. variable

1. (a) Show that solutions to the ordinary least squares (OLS) problem

n

argmin Z(YL — by — lei)2
bo.br iy

are given by
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var(X) Bo =Y — i X.
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[Hint: show that the estimators solve appropriate analogues of the normal equations.]

(b) Explain why the residuals @; = Y; — 3y — 31 X; satisfy S, =0and Y-, X;0; = 0.

(¢) What is the relationship between Bl and the sample correlation between Y; and X;?
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(c) What is the relationship between f1 and the sample correlation between Yi and .
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2. Consider the (population) regression model
Y= 6o+ 51X +u;

where Eu; = 0 and EX;u; = 0. Assuming 3, # 0, we can rewrite this as

5, 1
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X, = -2 s
81 A B1

U;.
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Does it follow that 1/5; gives the coefficient on Y; in a population linear regression of X;

on Y;?7 Explain.
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Regression with multiple r.h.s. variables

3. Suppose that
Yi = Bo+ B1Xui + BoXoi + wi

where Eu; = 0, EXj;u; = 0 and EXy;u; = 0 (assumption OR). Show that (3, 81, 82) solve

the population linear regression problem

min E(Y; — bo — b1 X1 — by Xo:)*.

bo,b1,b2

[Hint: there is no need to derive explicit expressions for the solution to this problem.]
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4. Consider the model
Y; = 8o + 51 Xhi + Bo Xy + u;.

Show that the OLS estimator 3, satisfies

P cov(Y, X))

var(X,')

- ) .
where X, denotes the residual from an OLS regression of Xy; on Xo;.
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Conditional expectations

5. By using the decomposition
Y=E[Y | X]+¢

where £ := Y — E[Y | X], prove the law of total variance:

varY = var(E[Y | X]) + E<?
= var(E[Y | X]) + E[var(Y | X)]

where var(Y | X) == E[(Y — E[Y | X])? | X].
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6. Show that the parameters of a population linear regression of Y on X also minimise
E{E[Y | X] — (by + b1 X)}’

with respect to (bg,by). [Hint: first read the proof given in Appendix C.2 of the notes.]
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Yi = Bo + BuXi + u;,

5. Consider the model

where (;, the causal effect of X; on Y;, is itself a random variable (it varies across
individuals).

[20%] Suppose that u; and S;; are both mean independent of X;. Show that a
population linear regression of Y; on X; (and a constant) would recover Ejy;. [Hint:

what is E[Y; | X;|?]
(b) [10%] Give a brief interpretation of Ef;;.
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Suppose now that u; and 31; are not necessarily mean independent of X;, but there is
an ‘instrument’ Z; which is related to X; by the equation

X = mo + w1 Z; + v,

and is such that u;, v;, 61; and 7y; are independent (not merely mean independent) of
Z;. Let pryv denote the coefficient in a population two-stage least squares regression of
Y; on X;, using Z; as an instrument. That is, Syy is obtained by the following procedure:

i. X; is regressed on Z; and a constant (in the population), to obtain fitted values
Xz* = (5() + 51Zi.

ii. Y; is regressed on X and a constant (in the population); fry is the coefficient on
X7 in this regression.

Now answer the following questions.

(c) [20%)] Show that
cov(Yi, Zi)

v = cov(Xi, Zi) M)

(d) [20%] Using (1), show that
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(d) [20%] Using (1), show that
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